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A bstrac t: The paper presents comparison between rigorous electromagnetic model and two approximate
approaches of modeling plane wave coupling to multi-conductor horizontal line above a homogeneous lossy soil. The
first approximate approach is based on quasi-static complex image theory (CI) and the second approximate approach
uses transmission line theory (TL). Our objective is to analyze the numerical error when calculating the current dis-
tribution by when using the proposed approximate models. Here, the reference results are obtained by using the elec-
tromagnetic model (EM) that is based on the full-wave theory and thus developed on least theoretical neglects. The
numerical results of detailed parametric analysis indicate the frequency range of applicability of the proposed ap-
proximate models with rms error of the current distribution less than 10%.
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AHAJIM3A HA MOBEKECITPOBOJHUYKHA BO/I HAJT XOMOT'EHA 3EMJA
IIPU NOBYJA O] PAMHUHCKH BPAH

AmncTpaxT Bo Tpynor e mpercraBeHa cropenda moMery eIeKTPOMarHETHHOT MOZEN M JBa MPUOIHKHA
MOJISIIH 33 aHalM3a Ha MOBEKEeCIPOBOIHUYKY HaJ3eMeH BOJ MpHU 1o0yaa o] paMHUHCKH OpaH. [IpBHOT ampokcuma-
TUBEH MoJien ce 0a3pa Bp3 KBa3W-CTAaTHYKATa TEOpPHja HAa KOMIUICKCHHU JIMKOBH, JI0JIeKa APYTHOT alpOKCHMATHBEH
Mozen ce 6asupa Bp3 TeopujaTa Ha BogoBu. LlenTa e qa ce aHanam3upa HyMepHYKaTa rpelka mpy IpecMeTKa Ha pac-
npeneabara Ha eNEKTPUYHATA CTPYja HAJODK CHPOBOAHHIMTE CO IMPHMEHA Ha MPUONKHUTE TOCTANKH HA MOJCIIH-
pame. PedepentHuTe pe3yntatu ce JOOMEHHU CO MPUMEHA Ha EIEKTPOMArHETHUOT MOJIEIN KOj € 0a3upaH Bp3 eNeKTpo-
MarHeTHarta TeopHuja, a co Toa 0asupaH Bp3 HajMaJKy TEOPUCKU 3aHeMapyBamwa. Hymepuukure pe3ynrati H00HeHU
BpP3 OCHOBA Ha JeTajlHa MapaMeTPHCKa aHaIn3a MMOKaXyBaaT BO KOj (QPEKBEHIMCKHU OICEr MPECMETKaTa Ha pacipe-
nenbara Ha eJIeKTPUYHATA CTPYja cO IPHMEHA Ha MPEUIOKEHUTE PUOIMKHA MOJIENH € co Tpelka rmoMaina o1 10%.

Kiyynu 360poBH: eJIeKTpOMarHeTHa TeOpHja, TeOpHja Ha KOMIUICKCHH JINKOBH, TEOPHja Ha BOJOBH

INTRODUCTION

PLANE wave coupling to overhead multi-
conductor line is often part of EMC studies [1-5].
The work is mainly based on transmission line the-
ory (TL) whose main advantages are simplicity,
efficiency and low computational cost. However,
the most accurate solution of above problem is
based on electromagnetic theory [6—7]. This, so

called exact approach, is based on rigorous formu-
lation for the electric field of a Hertz dipole, which
involves Green's functions that take into account
the influence of the soil-air interface in exact
Sommerfeld formulation. However, because of
time consuming and inefficient direct numerical
integration, various approximate approaches have
been proposed in order to achieve fast and efficient
closed-form expressions [8—12].
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The paper represents continuation of author’s
research in approximate modeling of thin-wire
conductors in presence of lossy soil at high freq-
uencies [13—15]. The main objective of this work
is to validate the proposed complex image and
transmission line models for a given problem with
respect to frequency, geometry and soil para-
meters.

MATHEMATICAL MODEL

Consider x-directed horizontal line consisted
of i = 1, 2, 3 parallel thin-wire conductors of radius
a and length L located at mutual distance d, and
height %; above homogeneous lossy soil. Figure 1
represents a case of a two-conductor line (k = 2) in
x—z plane and x—y plane respectively. The air (me-
dium “0”) occupies the upper half-space (z > 0),
and homogeneous lossy soil occupies the lower
half-space (z < 0). The lossy soil is characterized
by permittivity € = &&, permeability 4, and con-
ductivity o. The excitation is assumed by x-direc-
ted electric field E of normal incidence in frequen-
cy range from 0.1 MHz to 10 MHz.

k q,
>
<,
@ L
hi h,
air“0” z ?
SC’MO LX Ly
lossy soif ‘1"
G, &, Hy

Fig. 1. Two—conductor line above homogeneous lossy soil
excited by plane wave electric field of normal incidence.

ELECTROMAGNETIC MODEL

To solve induced currents for a given problem
we develop a Moment Method based electro-
magnetic (EM) model. The wire conductors are
segmented in fictitious segments and the current
distribution is approximated by overlapped trian-
gular expansion functions [16]. Solving the matrix
equation [Z]'[I] = [U] yields the current distribu-
tion [17]. Here, the column matrix [/] represents

the unknown current samples, [Z] is generalized
impedance matrix of mutual impedances between
triangular dipoles, and [U] is the excitation column
matrix.

The excitation is assumed by a plane wave of
normal incidence with x-directed electric field vec-
tor of intensity (time variation is assumed and sup-
pressed). The elements of matrix [U] are deter-
mined by U, = L Edl, , where E is an x-directed

n o

electric field (incident and reflected) tangential to
the wire segment /, given by

E = E,[ 1+ R" exp(— j2k,,) |exp( jk,h,)
ROl_l_\/Er, £ = —1 (1)

i e, =(g - jow')e,".

The elements of the impedance matrix z,,,
represent mutual impedances between pairs of
segments, observation (m) and source (7)

\% -1
z =—2=—0I|FE dl . 2
mn I In 1'" nx P mx ( )

n

Here, E,, is x-directed component of the elec-
tric field vector tangential to the surface of the ob-
servation segment m due to filaments of current I,
and charge g, along the axis of the source segment
n that is formulated by Mixed Potential Integral
Equation (MPIE) [19]

En)c = _JwArtx - V‘/ﬂ ’ (3)
Am = J. G::‘ Imdlmr and ‘/m = J‘ GV qmdlmx . (4)
I, b

Here, G;* stands for the x-component of the

magnetic vector potential dyadic Green’s function
due to a x-directed horizontal electric dipole HED
above lossy soil. Respectively, Gy is the scalar po-
tential Green’s function due to one charge associ-
ated to the HED.

The full-wave model involves exact Sommer-
feld formulations of the corresponding Green’s
functions. They are obtained firstly in the trans-
formed Fourier domain by solving the correspond-
ing wave equations with respect to the boundary
conditions at the air-soil interface [19]. The spatial
domain Green's functions are later obtained by the
following Sommerfeld-type integral

J. Electr. Eng. Inf. Technol. 2, 1, 5-14 (2017)
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- 1 %=

G,y =5, {GA,V}:gj.GA_V (ﬂ)]o(ﬂp)ﬂdﬂ , (5
0

where G ,v 18 spectral domain Green’s function,

Jo(Ap) is zero-order Bessel function of the first
kind, and p is radial distance between HED and
observation point.

The exact formulations of the Green’s func-
tions related to this problem are

GY = Hy {G +5, { exp[—u[,(z+hk)]H’ (6)

Uy

G, =—IG, +
v 22g[

+S0 {k() RTE

7
_ugRTM exp[—uo(z+hk )] @
A u '

0

The first term in (6) and (7) is so called direct
term that represents a spherical wave radiated by a
Hertz dipole in unbounded free-space

exp[—u,(z—h, )]} _ exp(=Jjk,R,)
u, 27R, '

G

d

=S {

0

®)

Here R,=p’+(z—h)* is distance between

source HED at height /; and observation point at
height z above soil. The second term S,{-} in (6)

and (7) represents the wave reflected form finitely
conductive homogeneous soil. The terms Ryz and
Rpy stand for the Fresnel reflection coefficients
with TM and TE wave polarization [20], where kg
and k; are propagation constants of the air and the
soil respectively,

2 2
R _Uy—u _ kjuy — kg,
TE — > ™ ~— ;2 2
Uy +u, kiu, +kyu,
2 2, . _ .
U, =+JA"—k’; i=0,1 . 9

k=&’ ue,; ki =¢€k;.

Computationally, the model is solved by us-
ing the method of moments and direct numerical
integration of Sommerfeld integrals similarly to the
approach in [7]. Thus, for a given excitation by
plane wave of normal incidence we obtain the cur-
rent distribution along the conductor.
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COMPLEX IMAGE MODEL

In this section we give the mathematical ex-
pressions of the complex image model. This ap-
proach is based on exponential approximation of
Sommerfeld integrals in (6) and (7) [8]. This leads
to closed-form solution of the corresponding
Green’s functions G;',G, related to the fields radi-
ated by the image and the complex image of the
source HED [15]. When @ — 0 and kg —0, we

assume the following approximations [21, 22]:

A

R, — 270 —exp(—Ad) = —exp(—u,d),
A+u, 10)
_ 12
Ry, — K= k k2 s
K} +kg

where d=2/u, =2/./jou,(c+ joe) stands for the
complex depth.

Now, it is possible to reduce (6) and (7) by
using the following closed-form expressions

GA\? luo [G _

d

1 = exp{ Uy [Z +h +
271- J.()

_H exp( JkoR) exp(_jk[)RCi)
27R;

d]}JO(ﬂp)ﬂdﬂ}
(11)

2
_%[Gd G ]

% :_[Gd_

o - h
_KLJ. €Xp[ u()(Z+ k)]J(,(ﬁp)/idﬁ}
27 Jo U,

_ 1 exp(—jkyR,) _K exp(=Jjk,R,)
2¢, 27R, 27R,

i

12

1
=—I|G, - KG,|.
80[ d t]

where

=\p>+(z+h)’

R, =\/p2 +(z+h +d)*

(13)
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stand respectively for the distance between the im-
ages of the source HED located at depth —/;, and at

complex depth —(h, +d).

TRANSMISSION LINE MODEL

The transmission line equations for a given
problem can be derived from the Maxwell’s equa-
tions and expressed in terms of voltage and current
induced along the conductors [6].

BV—(X)J,-ZI :E(x,y,h),

ox (14)
oI (x)
——+YV(x)=0.

ox

The mathematical details regarding the solu-
tion of the transmission line equations are based on
chain matrices. Here Z and Y are nxn matrices and
I, V and E are n dimensional vector columns.

The elements of the impedance matrix Z are
per unit length self and mutual impedances Z,,,
and Z,,, determined by [23]

Zy =220 1y 21 IE T | g5
2 | a nh,
I 2
Jou (hm +hn) +dy2
Zyn = Py In > -
\/(hm - hn ) + dy

- (16)
\/(hm +hy, +d)’ +d,?

J, +h, )V +d)?

+In

The admittance matrix Y = joC = jwinv(P)

is determined by using the elements of matrix P:

- In 2hy, , (17)
27, a

mm

2 2

h +h ) +d,
— 1 ]n ( m ll) y . (18)
27, \/(hm—hn)2+dy2

mn

By combining with the boundary conditions
1(0) = I(L) = 0, the solution of (13) leads to the fol-
lowing matrix expression for the current distribu-
tion

I(x)=C, exp(—yx)+C exp(yx)+C,exp(uyx), (19)

where exp(—yx), exp(yx), exp(u,x) and sinh(yL) are
nxn diagonal matrices P,
inv(yz)-inv(sinh(yL))

A=-Y E, 20
5 (20)

C, = A[l-exp(-yL)]
C,=Alexp(-yL)-1] 2D
C,=-A

where y? =inv(T)YZT is nXn diagonal matrix which

contains the eigenvalues of YZ, and T is a matrix
which contains the eigenvectors of YZ [24].

NUMERICAL RESULTS

The applicability of the approximate CI and
TL models is analyzed by comparing the induced
currents along a multi-conductor horizontal line
above homogeneous lossy soil excited by plane
wave electric field of normal incidence.

The studied test-cases consider k = 1, 2 and 3
conductors of length L = 200 m and radius
a =0.007 m. The geometry details of the test-cases
are given in Figure 2. In our analysis we assume
three values for the soil conductivity: o= 0.001 S/m,
0=0.01 S/m and o= 0.1 S/m. The relative permit-
tivity of the soil is fixed at & =10. The electric
field intensity is £y = 1 V/m in frequency range
from 0.1 MHz to 10 MHz.
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Fig. 2. Geometry of the studied test-cases
of 1, 2 or 3 conductors
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Analysis of plane wave coupling to multi-conductor line above lossy soil 9

The accuracy of CI and TL models is ana-
lyzed in frequency domain by comparing the cur-
rents along the conductors using the following
normalized rms error [25] where Igy; and Lypron
are, respectively, phasors of N current samples
along the conductors computed by using rigorous
EM model, and CI and TL models respectively.
Here also we compare the currents calculated by
using Numerical Electromagnetics Code (NEC)
reflection coefficient solution [27]

1/2
2

N
Z |!EMi - !appmxi
— | =1

rms N )
2| e
i=1

3 (22)

Single-conductor line

Firstly we analyze the case of a single con-
ductor k=1 (Case 1). The soil conductivity is as-
sumed 0.01 S/m.

Figure 3 shows the induced current (magni-
tude and phase) along the studied single conductor
at | MHz and 10 MHz. As may be observed, the
results obtained by CI and TL models are in very
good accordance with EM model. However, more
significant difference is obtained by NEC reflec-
tion coefficient method.

80

Case 1 6=0.01 S/m — EM model
""" CI model
-~ TL model

—— NEC-refl.coef.
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Fig. 3. Current distribution at 1 MHz and 10 MHz for Case 1
(0=0.01 S/m)

Figure 4 shows the variation of the current
magnitude at the center of the conductor (x = L/2 =
100 m) with respect to frequency. The maximal
values of the current correspond to resonant fre-
quencies roughly approximated by [26].

Ciiuc. Enexiupoiuexn. Ung. Texnon. 2, 1, 5-14 (2017)

L
2 S()IUO 200

n=135,... (23)

The corresponding & error (22) is shown in
Figure 5. As may be observed, the approximate
models introduce &, error that is strongly depend-
ent on the conductor resonant frequency. The best
accuracy is obtained by CI model with &, error
that goes up to 5— 10 % around resonances. TL
model introduces more significant &, error with
peaks up to 30 %.

Due to significant &, errors introduced by
NEC reflection coefficient method, our further
analysis will consider only CI and TL models.

Figure 6 shows the influence of the soil con-
ductivity on the accuracy of the approximate mod-
els that correspond to Case 1.

600
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E
8 400
2
=
] 300
£
k=
S
£ 200
O
100
. Y
01 10

1
Frequency (MHz)

Fig. 4. Variations of the current magnitude at the center of the
conductor for Case 1 (o= 0.01 S/m) with respect to frequency
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Fig. 5. €., error for Case 1 (6 =0.01 S/m)
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Fig. 6. Influence of the soil conductivity on the &, error
for Case 1

When the soil is more conductive (o = 0.1
S/m) the accuracy of CI model increases and &
error is less than 1% in all studied frequency range.
However, when the soil is more resistive (o =
0.001 S/m) the peaks of the &, error are above
10% and practically overlap with & error ob-
tained by TL model. The TL model shows also
better agreement when the soil is more conductive,
but these improvements in the accuracy can be
seen in regions outside the resonance, while the
peak values are larger.

TWO-CONDUCTORS LINE

In this section we analyze a two-conductor
test-case shown in Figure 2, that considers three
distinct geometries: Case 2-a, Case 2-b and Case 2-
c.

We proceed our study with the Case 2-a.
Firstly, we analyze the influence of the distance
between the conductors by assuming two values: d,
= 0.5 m and d, = 0.25 m. The soil conductivity is
0.01 S/m.

Figure 7 shows the induced currents at 1 MHz
and 10 MHz. As may be observed, the currents
along the two conductors (1) and (2) are identical,
and show tendency to decrease when decreasing
the distance d,. However, this change of distance
between the conductors has no influence on the
accuracy of CI and TL models, as given in Figure
8. Next, we fix d, = 0.5 m and we change the soil
conductivity from o= 0.001 S/m to o= 0.1 S/m.
The corresponding &, error is given in Figure 9.

Currant magnitude (mA)

Phase (deg)

g ..error (%)

€ error (%)

%0 d=0.25 m - solid line — EM model
d,=0.5 m - dot line — CI model
S — TL model
40
F1MHz
30 Case 2-a h=h,=3m
5=0.01 S/m
20
10
0
40\ /
9 AR A A A A
-40
-80
-120
0 20 40 60 80 100 120 140 160 180 200
Conductor length (m)
Fig. 7. Current distribution at 1 MHz and 10 MHz
for Case 2 (o= 0.01 S/m)
30 _
-~ CI model Case 2-a ¢=0.01 S/m,
-~ TL model
|
25| 4=0.5 m - red/blue |
d=0.25m - grey | . I
) I
20 f. q I
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15 !l {1 '| r’ll
(IR
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Fig. 8. Current at 1 MHz and 10 MHz for Case 2-a
(0=10.01 S/m)
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1
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Fig. 9. & error for Case 2-a calculated for d, = 0.5 m
anddy,=0.25m
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As may be observed, the results confirm the
previous conclusions about the influence of the soil
conductivity on the accuracy of CI and TL models
(Figure 6).

We continue our analysis with Case 2-b and
Case 2-c. In both cases we consider two conduc-
tors placed at different heights: #; = 3 m and h, =
3.5 m. In Case 2-b the distance between the con-
ductors is d, = 0, whereas in Case 2-c the distance
between the conductors is dy, = 0.5 m. The soil
conductivity is 0.01S/m.

Figure 10 shows the accuracy of CI and TL
models applied to the previous cases. The results
confirm that the distance d, has no influence on the
accuracy of CI and TL models since lines in black
(Case 2-b) and in grey (Case 2-c) overlap. When
we compare with the previous Case 2-a (Figure 8)
we can conclude that the &, error introduced by
TL model is now larger. This increase in error is
due to changes in the height of conductor (2),
which is now A, = 3.5 m. However, this change of
height &, does not affect the accuracy of CI model
that remains the same as before.

8 CI model h=3mh=35m \520.0] S/m |
sl 7 TL model \ f | :
\ i
Case 2-b (d=0) - red/blue III I ‘ ":I [
Case 2-¢ (d,=0.5 m) - grey ‘f: |: 1| :II it
25 | i |
~ i Mo
X I i fv 1 Wi
~ 20 i I Iy
5 i Iy I LR
= IR [ Iy 1L gy
o, it T YR LR T
£ s i I N
w |\ L o il 1,1
Il g gy “IJ
fal i ey |
10 Il i i :"LE’ Yok
\ i
TL model Case Z-a/f’ K '| I‘ rl" ln‘l 1
Sl </ \ /i
[ -~ “ A
0
0.1

Frequency (MHz)

Fig. 10. Influence of the soil conductivity on the &, error
for Case 2-b and Case 2-c

THREE-CONDUCTORS LINE

In this section we analyze three geometries
related to a three-conductor test-case given in Fig-
ure 2: Case 3-a, Case 3-b and Case 3-c.

The soil conductivity is 0.01 S/m. Figure 11
shows the induced currents calculated at 1 MHz
and 10 MHz along the conductors (1) and (2), the
currents along conductors (1) and (3) are equal.
When comparing with the case of two conductors
(Case 2-a) it may be observed that the magnitudes

Ciiuc. Enexiupoiuexn. Ung. Texnon. 2, 1, 5-14 (2017)

of the induced currents are generally decreased,
and the current along the central conductor (2) is a
slightly smaller than the currents along the outer
conductors (1) and (3).

50 -
Case 3-a 6=0.01 S/m — EM mgdlcl
B CI mode
cond. (1) - red/blue - - TL model
< 40 cond. (2) - grey
1S :
= =1 MHz
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2 30 i PO
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(=]
©
e
E 20
£ \
. 2\
10
)
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50
_ E f/
E, 012 F\ LN == o= //’"‘\ Zd
= &0 \! \J vV V V V
@
S 100
o
-150

0 20 40 60 80 100 120 140 160 180 200
Conductor length (m)

Fig. 11. Current distribution at 1 MHz and 10 MHz
for Case 3-a (0= 0.01 S/m)

As shown in Figure 12, the corresponding &ms
error introduced by TL model is higher than in the
previous Case 2-a. However, CI model shows no
differences in &y, error with respect to previous
cases.
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Fig. 12. &, error for Case 3-a (o= 0.01 S/m).

Next Figures. 13 and 14 show the current dis-
tribution along the three parallel conductors lo-
cated at various heights (2.5 m, 3 m and 3.5 m),
where the horizontal distance between the conduc-
tors is, respectively, d,= 0 (Case 3-b) and d, = 0.5m
(Case 3-¢).
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Fig. 13. Current distribution at | MHz and 10 MHz
for Case 3-b (o= 0.01 S/m, d\=0)
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Fig. 14. Current distribution at | MHz and 10 MHz
for Case 3-c (0= 0.01 S/m, d, = 0.5 m)

In Figure 15 it is shown the &, error that cor-
responds to Case 3-b and Case 3-c. The results
confirm that conductor’s height affect strongly the
accuracy of TL model. Again, no differences in
& error are noticed between Case 3-b and Case 3-
¢, which is in agreement with our previous conclu-
sion that the distance dy has no influence on the
accuracy of TL model (Figure 8). The CI model
shows stable accuracy with no changes in &, error
with respect to previous cases.
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CONCLUSIONS

In this paper, we have compared the image
and exact models of a wire that is above, below or
penetrates a uniform or two-layered earth. The im-
age model can be derived from the exact model by
a single substitution of the reflection Fresnel coef-
ficients in the spectral domain with their quasi-
static forms.

The rigorous electromagnetic modeling of
horizontal wire-conductors above lossy soil is con-
sidered as numerically most precise and accurate in
a sense that it is based on least neglects.

In practice, however, simpler models are of-
ten required to avoid the complex computation and
to reduce time consuming numerical calculations.
In this paper, the authors present and compare two
approximate approaches: CI model based on quasi-
static complex image theory, and TL model based
on transmission line theory with logarithmic ex-
pressions for per unit length ground impedance and
admittance.

The results of a detailed wide frequency range
numerical analysis of the induced currents along
the studied test-cases (shown in Figure 2) may be
summarized in:

The CI model is very accurate and leads to
stable &, errors that are not influenced by: the
number of conductors, conductor’s height and dis-
tance between conductors. The &, error shows
dependence on frequency, but it is also signifi-
cantly affected by the soil conductivity. In case of
standard and high soil conductivity (o= 0.01 S/m
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and 0.1 S/m) the &, error is within 10% and 1%
respectively. The only exception when much
higher &, errors are noticed is the case of low soil
conductivity (o= 0.001 S/m) when the peaks &
error are about 25-30%.

The accuracy of TL model shows also strong
dependence on frequency with peaks at resonant
frequencies. When increasing the soil conductivity,
the &, error is decreased in regions outside the
resonances but the peaks are larger. The accuracy
of TL models shows also significant dependence
on geometry, i.e. the & error increases when in-
creasing the number of conductors and conductor’s
height.

The preliminary results obtained by using
NEC reflection coefficient method show signifi-
cant &n, error that exceeds 100% at resonant fre-
quencies, which makes this approach not suitable
for calculations related to this problem.
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