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A b s t r a c t: The well know hybrid electromagnetic model (HEM) is widely used for analysis of grounding 

systems. However, it has been proven that results obtained by HEM diverge from referent results in the high frequen-

cy (HF) domain. This paper presents implementation of complex image theory to take into account the earth-air inter-

face instead of the quasi-static images used up-to-date with HEM. Parametric analysis of the achieved improvement 

in precision of the HEM method on high frequencies is visualized in multiple figures by comparison to referent re-

sults calculated by the renowned numerical electromagnetic code NEC-4. It may be concluded from the research pre-

sented in this paper that usage of complex images with HEM extends notably the applicability domain of the method. 
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ВИСОКОФРЕКВЕНЦИСКО ПОДОБРУВАЊЕ НА ХИБРИДНИОТ ЕЛЕКТРОМАГНЕТЕН МОДЕЛ  

СО ИМПЛЕМЕНТАЦИЈА НА КОМПЛЕКСНИ ЛИКОВИ 

А п с т р а к т: Добро познатиот хибриден електромагнетен модел (HEM) често се користи при анализа-

та на заземјувачки системи. Меѓутоа,  докажано е дека резултатите добиени со употреба на HEM отстапуваат 

од референтните резултати во доменот на високи фреквенции (HF). Во овој труд, за да се земе предвид раз-

делната површина меѓу земјата и воздухот, применета е теоријата на комплексни ликови наместо квази-ста-

ционарните ликови кои досега се користени во согласност со методот HEM. Параметриската анализа на по-

добрувањето на прецизноста на резултатите добиени со ХЕМ на високи фреквенции е претставена на повеќе 

графици во споредба со референтни резултати добиени со реномираниот нумерички електромагнетен код 

NEC-4. Презентираните резултати од истражувањето во рамките на овој труд водат до заклучок дека фрек-

венцискиот домен на применливоста на методот HEM е значително проширен со примена на комплексни 

ликови. 

Клучни зборови: хибриден електромагнетен модел; комплексни ликови 

1. INTRODUCTION 

The hybrid electromagnetic model (HEM) is a 

circuit based method that incorporates propagation 

of electromagnetic fields in the extraction of equi-

valent circuit elements, developed by Visacro in 

2002 [1]. The principle of circuit based methods is 

to represent the geometry and electromagnetic cha-

racteristics of any type of problem by electric cir-

cuit parameters. The obtained equivalent electric 

circuit is analyzed by circuit theory procedures. 

The HEM method has been implemented for anal-

ysis of grounding systems in [1]–[8]. The authors 

who have implemented the HEM method in [1]–

[5] used the classical image method [9] to take into 

account the presence of earth/air interface. The 
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authors in [6]–[8] implemented HEM using the 

quasi-static approximation of the complete expres-

sions for the Green’s functions due to horizontal 

and vertical electric dipole (HED and VED, ac-

cordingly) placed in a finitely conducting half-

space which will be elaborated in the following 

section. While HEM yields correct results for fre-

quencies up to a couple of MHz, beyond this 

threshold there are discrepancies in the results 

compared to referent values [8]. The imprecision 

presented in [8] is in part due to the quasi-static 

approximation of the Green’s functions which was 

the motivation to investigate the effect of using the 

complex image method as a more sophisticated 

approximation. 

The complex image method was introduced 

for calculation of electromagnetic fields from a 

line current source placed above imperfect ground 

[10], [11]. The essence of the abovementioned 

method is to substitute the finitely conducting earth 

with perfectly conducting earth positioned on a 

new level denoted as complex depth, d/2 [12]. As a 

result it is possible to analyze the electromagnetic 

field by superposition of fields originating from the 

line current source and the image of the current 

source when it is placed above a perfectly conduct-

ing ground on level d/2. 

The aim of this paper is to show the im-

provement in precision of the HEM method on 

high frequencies that can be achieved by imple-

mentation of complex image theory as opposed to 

the quasi-static images used up-to-date with HEM.  

The paper will be organized as follows: sec-

tion 1 – introduction of the HEM method and 

complex image theory; section 2 – theoretical basis 

of HEM and the quasi-static approximation of 

Green’s functions; section 3 – application of com-

plex image theory on grounding conductors; sec-

tion 4 – parametrically organized results obtained 

by implementation of complex image theory with 

HEM in comparison to the quasi-static images 

used up-to-date, and discussion. The improvement 

of precision of HEM will be presented by compari-

son to referent full-wave results obtained by the 

well-known electromagnetic code based on the 

method of moments solution of the electric field 

integral equation for thin wires, NEC-4 [13]. 

2. HYBRID ELECTROMAGNETIC MODEL 

In this paper HEM is implemented on a sys-

tem consisted of a horizontal perfect conductor 

placed in imperfect ground.  

In Figure 1 σ, ε = εrε0 and μ0 are the conducti-

vity, permittivity and permeability of the soil, 

while the according characteristics of the air are σ0, 

ε0 and μ0. The length of the conductor is Λ and its 

radius is denoted by a. The electrode is divided in 

N fictitious segments whose length Δl has to be 

much larger that its radius a (Δl > 10a is usually 

adequate) in order to maintain the conditions for 

the thin wire approximation. The middle segment 

of the conductor is the location of the excitation 

voltage source, Vs. The excitation voltage source 

amplitude equals 1 V and a couple of frequencies 

are investigated. 

 
Fig. 1. Geometry of the conductor 

Electromagnetic coupling between segments 

is evaluated from a numerical implementation of 

Maxwell’s equations, obtaining longitudinal induc-

tive circuit elements and transversal complex ad-

mittances [1]–[8]. The general expression for the 

equivalent inductivity of an arbitrarily positioned 

segment m, as obtained by HEM: 
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Transversal impedance between segments m 

and n as obtained by HEM. 
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Equation (1) presents the influence of the 

longitudinal current through the source segment n, 

on segment m, while the influence of the leakage 

current exiting the source segment n on segment m 

(leakage impedances) is presented in (2). In (1) and 

(2):  
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where GA and GV are the magnetic vector potential 

and electric scalar potential Green’s functions for a 

conducting half-space, accordingly. Every source 

segment of the horizontal grounding conductor is 

treated as a horizontal electric dipole (HED). The 

complete expression for GA due to HED is consist-

ed of the following components: 

 x x

A x n Ax x n z m AzG i t G i t i t G   , (4) 

where 
nt  and 

mt  are unit vectors defining the ori-

entation of the source and target segment, accord-

ingly. 

Quasi-static approximation of Green’s functions  

in a conducting half-space 

The authors in [6]–[8] implemented HEM us-

ing the following quasi-static approximation of the 

Green’s functions components in (4) 
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where the distance between the source segment 

(HED) and segment of interest is r r   , ri is 

the distance from the mirror image of the HED to 

the point of interest and R1,0 is the quasi-static 

Fresnel reflection coefficient, 
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Details of the remaining quantities in (5) can 

be found in literature [14]. The Green’s function 

for the electric scalar potential originating from 

HED has the quasi-static form [14]:  
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The authors’ approach in [6]–[8] is to substi-

tute (5) and (7) in (1) and (2) accordingly and solve 

the integrals by extracting the term containing pro-

pagation as follows: 

 

 

 

 

 

0

, ;

1
exp ' ,

4

, ;

1 1
exp ' .

4

m

m n

m

m n

A
n n

l

mn

l l

V
n n

l

mn

l l

l l m dl

r dl dl

l l m dl

r dl dl






 




 

 

 



 



 



  



  



 



 

 (8) 

In (8) rmn is the distance between middle 

points of the source and segment of interest. The 

approach in (8) ensures balance between accuracy 

and efficiency of the HEM algorithm.  

In the next steps the HEM method employs 

two unique premises originally introduced by 

Otero [15], listed below: 

1. The average electric potential of the seg-

ment is approximated as arithmetic mean value of 

the potentials of the nodes that define that segment. 

The first premise from [15] expressed in matrix 

form: 

 
,

[ ] [ ] [ ],

1 / 2  if segment  is 

         conected to node ;
where

0,   if  segment  is not 

     connected to node  .

i j
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i

j
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On the other hand, the average potential of 

the segment, U, is expressed via leakage imped-

ances (2), 

  [ ] [ ] [ ]L LU Z I . (10) 

2. The leakage current flowing from each 

segment into the soil is represented by two current 

sources attached to the nodes that define the seg-

ment. The matrix representation of the 2nd premise 

of [15]: 

 [ ] [ ] [ ]L T L

SI S I  . (11) 

Conventional nodal analysis is performed 

combining (9)–(11) with Kirchoff’s laws and 

yields the unknown values of the potential and cur-

rent along every segment. Kirchoff’s voltage law is 

expressed using segment inductances: 
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 [ ] [ ] [ ] [ ] [ ]sV A V j L I    , (12) 

where [A] is the conventional matrix of incidence 

and the elements of [L] are of the form (1). 

Kirchoff’s current law involves the leakage imped-

ances from (2) and is expressed by 

 [ ] [ ] [ ] [ ]L T
s sI I A I   . (13) 

3. COMPLEX IMAGE THEORY 

The complex image theory is based on substi-

tuting the finitely conducting earth with perfectly 

conducting earth positioned on a (complex) depth 

d/2 [12]. The electromagnetic field is then ana-

lyzed by superposition of fields originating from 

the line current source and the image of the current 

source when it is placed above a perfectly conduct-

ing ground on level d/2. The existence of the 

abovementioned complex depth and its mathemati-

cal meaning is thoroughly discussed in [16]. A 

general method for derivation of the complex 

depth for a current source placed in air above fi-

nitely conducting earth is elaborated in [10]. The 

author in [10] equates the wave impedances for 

normal incidence of a wave at earth’s surface for 

finitely conducting earth placed at z = 0 and per-

fectly conducting earth placed at z = d/2. As a re-

sult, the following expressions for the complex 

depth are obtained: 

 2 /d  , (14) 

where the term η for ground with relative permit-

tivity εr is defined by: 
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The complex image theory has been imple-

mented on horizontal electrodes placed in imper-

fect soil in [17]–[19]. The authors in [18] and [19] 

implement a modification of the magnetic vector 

potential and electric scalar potential Green’s func-

tions for a conducting half-space, according to the 

principles from [10]–[12]. Complex image theory 

modification performed on the first component in 

Equation (4) results with [18]:   
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where G11 and G12 are associated to spherical 

waves with wave number k1, due to HED and its 

image, 
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The complex image form of the second com-

ponent in (4) is expressed by [18]: 
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where the wave numbers equal  

))/((, 0
2
0

2
100

22
0 ωεjεkkεμωk r  . 

The value of the complex depth in the case of 

a linear current source placed in imperfect ground 

has the form [19]:  

 
0 02 / ( )rd j j     . (19) 

In Equations (16) and (18) the constants А 

and В are found in [12] and equal 0.4 and 0.96, 

accordingly. 

The Green’s function for the electric scalar 

potential originating from HED has the complex 

image form [18]: 
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4. RESULTS 

The HF results obtained by implementation of 

complex image theory integrated with HEM in 

comparison to the quasi-static images used up-to-

date will be parametrically presented in the follow-

ing figures. In order to observe the HF improve-

ment in precision of HEM the results are compared 

to referent values obtained by implementation of 

the renowned numerical electromagnetic MoM-

based code NEC-4 [13].  

Figure 2 presents comparison of current mag-

nitude along a horizontal grounding conductor of 

2 m length for various values of depth of burial and 

soil resistivity ρ = 1/σ. The excitation frequency is 

5 MHz. Figure 3 presents comparison of results for 

the 2 m long horizontal grounding conductor at 

excitation frequency of 10 MHz. It is notable from 

Figure 2 that although slightly, the improvement 

introduced by complex image theory is more enun-

ciated at 10 MHz. The current magnitude along a 

5 m long horizontal conductor for various values of 

soil conductivity and depth of burial is visualized 

in Figures 4 and 5 for frequencies of 5 and 10 

MHz, accordingly. Figure 6 presents comparison 

of current magnitude for a 10 m long horizontal 

grounding conductor for various values of the 

abovementioned parameters for excitation frequen-

cy of 5 MHz. Figure 7 presents comparison of re-

sults for the 10 m long horizontal grounding con-

ductor at 10 MHz. Quasi-static results calculated 

by implementing (5)–(7) are denoted by ‘Q-s.’, 

results obtained by implementation of complex 

image expressions (16)–(20) are denoted by 

‘Cplx.’ and the referent results by ‘NEC4’ in Fig-

ures 2–7. It is remarkable that in all of the studied 

cases except the 10 m long conductor (Figures 2–

5), the results obtained by the complex image 

method converge perfectly towards referent results 

at 5 MHz. At the frequency of 10 Mhz the same 

can be concluded for 2 m and 5 m lengths in all 

cases except in the case of extremely resistive soil 

(ρ =1000 Ωm). In the latter case, the results are 

significantly improved, yet not a perfect match 

with the referent ones, which can be potentially 

explained by the vicinity of a resonant frequency. 

In the case of a 10 m long conductor shown in Fig-

ures 6 and 7, it is evident that for ρ = 1000 Ωm 

there is an odd result less precise than the quasi-

static image theory. The abovementioned irregular-

ity might also be a consequence of a nearby reso-

nant frequency for the length of question at 10 

MHz, which is a matter to discuss in future papers. 

 

 

 

 

Fig. 2. 2 m long conductor at 5 MHz 
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Fig. 3. 2 m long conductor at 10 MHz 

 

 

 

 

Fig. 4. 5 m long conductor at 5 MHz 
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Fig. 5. 5 m long conductor at 10 MHz 

 

 

 

 

Fig. 6. 10 m long conductor at 5 MHz 
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Fig. 7. 10 m long conductor at 10 MHz 
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