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ADbstract: According to the common practice different energy systems are analyzed separately, without tak-
ing into consideration their mutual dependence. The goal of this paper is to illustrate the modeling and optimization
of complex systems, i.e. multiple-energy carrier systems, by using the energy hub methodology. A multiple-energy
carrier system consists of different energy infrastructures and serves various types of energy demands, such as elec-
tricity, heat etc. The energy hub concept is thus implemented in the formulation of the economic dispatch problem for
a complex energy system. Moreover, the paper contains a linear optimal power flow formulation of a complex system
with multiple energy hubs interconnected with the power grid. The analysis will be conducted over simply structured
systems with the aim of illustrating the idea of integrated modeling and the comparison of the system’s operating
points obtained by separate and integrated optimization.
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OIITUMU3AIINJA HA KOMIIJIEKCHU EHEPTETCKH CUCTEMHU

A1ncrTpaxkT Crnopex cTaHAapAHATA MPAKTHKA PA3ITMYHUTE SHEPIeTCKH CHCTEMHU CE aHAIM3MpPaaT OABOCHO,
0e3 MmpuToa 1a ce BOJM IPHiKa 3a HUBHATa Mer'yceOHa 3aBucHOCT. OBOj TPy UMa 3a 11T Ja TH MPHUKaXe MOJCTIHpambe-
TO ¥ ONTHMHU3ALMjaTa HA KOMIJIGKCHH €HEPreTCKH CHCTEMH CO TIOMOII Ha METOJOT Ha OIIIIT eHepreTcku jasod. Ilpu-
TOA 32 KOMIUIEKCEH CE CMETa CEKOj EHEePIreTCKU CUCTEM Koj ordaka oBeke eHepreTcki HHYPacTPYKTYpH U €O KOj ce
3a7I0BOJTyBa MMOTPOLIYBayKaTa Ha Pa3IMiHK BUJIOBU €HEPrHja, Ha MPUMep eNeKTpUYHa, TOIUIMHCKA UTH. JleduHnpan e
po0IeMOT Ha €KOHOMCKHU JJMCIICUHHT HA KOMIIIEKCEH €HEpPreTCKH CHUCTEM MOJEIMpPaH CO OIIUT SHEPreTCKH ja3oll.
Hcro Taka e mpeTcTaBeHa ONTUMHM3alMjaTa Ha MMOBEKE OIIITH EHEPreTCKH ja3iy Mel'yceGHO MOBP3aHHU CO eEeKTPUYHA
Mpexa Koja e Moneinpana co DC MoznenoT. AHanu3ara € ClpoBeeHa Bp3 €HOCTABHU CHCTEMH, a HOCTYXKH 32 KOH-
LIENTYyaJIeH MPUKa3 Ha MHTETPHPAHOTO MOJIEIUPAE U CIopeada Ha pabOTHUTE PEXKUMH TOOHEHH CO O/IBOCHA U HHTE-

rpupaHa ONTUMH3ALH]a.

Knyuynu 300poBH: HHTETpHPaHO MOJACIHPALE U aHAIN3a; KOTCHEpalrja; JUCTPHOYHPAHO IPOH3BOICTBO

1. INTRODUCTION

In confronting the task of energy sector de-
carbonization, we are, unsurprisingly, faced with
obstacles such as large share of heating and cool-
ing energy [1], diversity and innovation of new
technologies, all of which shed light on the need of
broad, interdisciplinary analyses. Contrary to past
practices when the power [2] and the natural gas
[3] systems where analyzed separately, today great
efforts are being put into eliminating such cross-

sectoral borders. For instance, the authors of [4]
have compared a number of technologies in terms
of their capability to facilitate the integration of
renewable energy sources. Among them are small
cogeneration plants, heat pumps, electric water
heaters, electrolysis base technologies, electric ve-
hicles etc. Evidently, all of them act as links be-
tween different energy systems.

On that accord, a large body of literature
deals with the benefits from coordinated planning
and operation of the energy systems ([5], [6]). In
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[7], for example, a detailed model has been pro-
posed for a simultaneous calculation of the optimal
power flows in the power and natural gas grids,
while taking into consideration their mutual de-
pendence. The energy hub concept presented in
[8], [9] and [10] builds upon and broadens this ap-
proach, thus allowing for an arbitrary number of
different energy systems to be modeled and opti-
mized.

The mathematical model proposed in the en-
ergy hub methodology can be utilized for defining
many of the optimization problems which have
previously been known and studied for the electri-
cal power system. The reader is referred to [11]
and [12] for a detailed overview of the optimal
dispatching and complete optimal power flow for-
mulations for multi-carrier energy systems. Analo-
gous to the problem of unit commitment of power
generation units, the authors of [13] have formulat-
ed the unit commitment problem for multi-carrier
energy systems and have expanded its scope by
introducing energy storage technologies in [14].
On the other hand, the energy hub concept has also
been suited for systems with distributed renewable
based generation of electricity [15]. Similarly, a
predictive control of multiple energy hubs has been
proposed in [17], while a simplified, linear model
of the power grid has been introduced in [18] and
has been used alongside the well-known nonlinear
equations used to determine the flows in the gas
grid.

The purpose of this paper is to illustrate the
formulation of the optimization problems in com-
plex (multi-carrier) energy systems and to study
their effects on the total operation costs. Such sys-
tems have been modeled using the energy hub
principle; the optimal dispatch problem is dis-
cussed and a DC optimal power flow has been
proposed in order to further simplify and linearize
the model.

2. METHODOLOGY
2.1. Energy hub

The energy hub is defined as a mathematical,
fictitious structure in which different energy infra-
structures meet. It establishes a relationship be-
tween what is injected as its input and the energy
consumption it supplies. Let us use a, f,..., ® €
E = {electricity, heat, natural gas, biomass...} to
denote the various energy carriers injected in the
hub. Then P, Pg,..., P, shall be used to denote the
corresponding powers injected from a, fS.,..., o,

while L,, Lg,..., Lo shall be used to describe the
energy loads. If a system has multiple energy hubs,
each hub is enumerated as i, j, k...€ H = {1, 2,
3,..., Nu}.

The elements of the energy hub, the converter
elements and the storage elements, determine the
manner by which the loads, represented by the load
vector L, shall be satisfied by the hubs injections
P. The converter elements have an arbitrary num-
ber of input/output connections and are used to
transform power into other forms or qualities (Fig-
ure 1). Examples of converter elements which
qualitatively transform energy are CHP plants, mo-
tors, heat pumps, boilers etc. However, elements
such as overhead lines, power cables, transformers,
power electronics and compressors can also be de-
fined as converter elements. They do not change
the form of the energy, but transform some of its
working parameters. Energy storage elements do
not fall into the scope of this paper as they are of
interest in time-series analysis and not analysis of
single snapshots in time.

P, g, . L.
Ps L Ly
——— —_———>
:  Converter .
i clements
P, L
—_ + e

Fig. 1. General energy hub structure

For a single-input single-output converter ele-
ment, the steady-state input P, and the output Lg
are correlated by the following equation:

Ly(k)=cz,(k)E,(k), (M

where ¢4 is the coupling (conversion) factor be-
tween the input and output power. In general, it
represents a function describing the efficiency of
the converter unit and has a value in the range of 0
< cqp <1. It this paper we assume a constant value
for the all coupling factors. When losses are ne-
glected cqs = 1, while ¢, = 0 if there is no con-
verter element to couple a and . When o = f, the
converter element doesn’t qualitatively transform
the input. The coupling factors of each converter
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element in the energy hub constitute the correlation
matrix C.

Each energy hub is fully determined by its in-
put vector containing the injected powers P = [Py,
Py,..., Py], the output vector containing the loads
L= [Ly Lg,..., L] and the correlation matrix C.
The correlation matrix defines how the demand L
will be supplied by the injected powers P through
the converter elements. The internal flows in ener-
gy hub are thus given by:

o) lew oo - "p)

Having in mind the conservation of energy
law, the sum of the all coupling factors in one col-
umn of C should be less than or equal to one. If not
specified otherwise, the energy flows are directed
from the input towards the output of the energy
hub.

2.2. Relationship between injected powers
and flows in the power grid

For a power grid represented with the DC
model which has m branches, n nodes and ng elec-
tric generators, the corresponding H matrix gives
the relationship between the powers injected by the
electric generators Pgey and the power flows
through the grid Pgr [19]:

P.,=HP,, . 3)

The number of columns in the matrix is equal
to the number of generators in the system, i.e. ele-
ments of Pgen. The formulation procedure of the
full H matrix for all nodes and branches and the
derivation of a reduced matrix of size m % ng, here
used in equation (3), is discussed in [20].

Let a denote electricity, while S, 7....,c are
used for all elements corresponding to other energy
carriers. The flow in the power grid in a multi-
carrier energy system with Ny energy hubs is cal-
culated by the equation:
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The matrix H, takes into account the genera-
tors which are not modeled as converter elements
and are outside of the energy hub structure. This
matrix is equal to the H matrix obtained from the
[19]. Furthermore, the matrices Hg, H,,..., H,, deal
with the electrical generators modeled as converter
elements in the energy hubs and are calculated by
the following steps:

eFrom the full H matrix of size m x n leave
only those columns that not correspond to nodes
(energy hubs) in which electrical generators mo-
deled as converter elements are connected. Each of
these matrices should end up having as many col-
umns as there are converter elements of that energy
carrier.

e Multiply column i of this matrix, corres-
ponding to the converter element in the i-th node
(energy hub), by the efficiency of that converter
element.

The number of rows in the vectors Py, Py,...,
P, is equal to the number of columns in the corre-
sponding H,, Hg,..., Ho.

3. OPTIMIZATION
3.1. Economic dispatch

The economic dispatch problem is presented
for a multi-carrier energy system modeled as an
energy hub. The optimization output is a vector P
which satisfies the technical limitations of the gen-
erators, meets the energy demands of the loads and
gives a global extreme for the objective function.

If the operational costs of each generator are
represented by quadratic functions of the output
power, the objective function F(P) can be defined
as:

F(P)= Y (a,+bR+cP’). Q)
ifa,pf,...0}

The mathematical formulation of the eco-
nomic dispatch problem of a multi-carrier energy
system is thus given by:

min F(P) (6)

subject to
L-CP=0 (7)
Pmin < P < })max (8)
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where (7) defines the internal energy flows of the
hub, while (8) describes the technical limitations of
the generators regarding their minimum and max-
imum outputs.

3.2. Optimal power flow in a multi-carrier energy
system with a power grid represented
with the DC model

Let us analyze a multi-carrier energy system
with Ny energy hubs interconnected with a power
grid represented with the DC model. Firstly, we
must assume that the error introduced by the DC
model is negligible and secondly, we must know
the allowed range for the natural gas injections in
each hub. This allows us to explicitly calculate the
electric power flows and approximate the state of
the natural gas grid.

The optimal power flow of a multi-carrier en-
ergy system with a power grid represented by the
DC model can therefore be defined as:

subject to:

L-CP=0 (10)

where i = {1, 2, 3,..., Ny} stands for the i-th energy
hub. Equation (10) describes the internal energy
flows of each hub the inequality (11) represents the
power flows in the grid. The limitations of each
generator in all energy hubs are taken into consid-
eration by (12).

4. RESULTS AND DISCUSSION

Two examples have been used to analyze the
optimization problems from Section 3. The first
example has been used to compare the results ob-
tained from an integrated and a separate optimiza-
tion of a complex energy system. The second ex-

ample depicts a multi-carrier energy system used
to illustrate the linear optimal power flow formula-
tion. The modelling and simulations have been
completed using the MATLAB programming lan-

guage.

4.1. A comparative analysis of integrated
and separate optimization

This section provides the results from the
analyses of System I, given in Appendix A. The
economic dispatch problem has been solved six
times, i.e. for each of the two load scenarios, Sce-
nario A and Scenario B, the system has been opti-
mized:

separately (E—H approach),

separately (H—FE approach),

as an integrated system.

For a credible representation of the CHP’s
role, the separate optimization has been solved by
two different approaches. The first approach
(E—H) considers solving the economic dispatch
for the units which generate electricity first. After-
wards, the heat produced by the CHP as a byprod-
uct of the optimization is subtracted from the total
heat load and the economic dispatch problem is
solved again for the remaining units which gener-
ate heat. The second approach (H—FE) analyzes
the problem from the opposite direction, by solving
the economic dispatch for the heat producing units
before optimizing the units which generate elec-
tricity. Tables 1 and 2 show the total costs F of the
multi-carrier energy system, the costs for supply-
ing the electricity load F. and the costs for supply-
ing the heat load F}, for each analysis. The injec-
tions had been expressed in relative units (pu),
while the costs are given in monetary units (mu).

Table 1
Results from Scenario A
Fe (mu) Fr (mu) F (mu)
E—-H 54.65 47.49 102.14
H—-E 54.65 47.49 102.14
Integrated 54.95 43.19 98.15
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Table 2
Results from Scenario B
Fe (mu) Fh (mu) F (mu)
E—-H 101.78 19.71 121.49
H-E 102.22 24.16 126.38
Integrated 97.00 19.23 116.23

The results show that when the loads are
equal to L. =4 pu and L, = 7.5, the order of sepa-
rate optimization doesn’t influence the outcome.
One should note that this is not a general conclu-
sion, but happens to hold for this specific load pro-
file. In general, the order of optimization may in-
fluence the outcome. As evidence we provide the
results from the load scenario L. = 7.5 pu and L, =
4 pu. The total costs obtained from a E—H and
H—E optimization differ. Nevertheless, the ob-
tained total costs /" are the lowest when the elec-
tricity and heat systems are optimized as an inte-
grated whole. Surely, this isn’t far from expected.
The integrated optimization of this system contains
six variables subject to constraints in the form of
two linear equations and inequalities determining
the allowed range of each variable. On the other
hand, when the electricity and heat systems are
optimized separately, the heat byproduct produced
by the CHP in the E—H approach, as well as the
electricity byproduct of the CHP in the H—F ap-
proach impose an additional constraint, narrowing
the search space and increasing the value of the
objective function.

4.2. Linearized optimal power flow

System II of Appendix B consists of four en-
ergy hubs connected by the power grid, each con-
taining a cogeneration unit (CHP) and a natural gas
boiler (/). When the power grid is represented by
the DC model and the OPF formulation of Section
3.2 is applied, the results shown in tables 3, 4 and 5
are obtained.

Table 3

Branch flows in the power grid

i—j PGR (pu)

1-2 0.315
1-3 0.281
2-3 —0.033
2-4 0.100
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Table 4

Injections in CHP unit and natural gas boiler

i v PCHP (pu) PF (pu)
1 0.952 1.143 0.057
2 0.010 0.007 0.663
3 0.010 0.007 0.663
4 0.556 0.500 0.400

Table 5

Generated electricity and heat

Electricity Heat
i Pc (pu) Pcrpe (pu) Pcupn (pu) Pri (pu)
1 0.503 0.343 0.457 0.043
2 0.000 0.002 0.003 0.497
3 - 0.002 0.003 0.497
4 - 0.150 0.200 0.300

The total operating costs of the system for this
analyzed scenario are F(P) = 25.825 mu. Table 4
shows the amounts of the natural gas injected in
the CHP and the boiler F. The first column con-
tains the dispatch factor v which represents the
share of natural gas injected in the CHP with re-
gards to the total injection in the energy hub. Alt-
hough the structure of the energy hubs and the
connected loads are identical, the dispatch factor v
differs and is specific for each hub as a results of
its location in the grid.

Not with standing the smaller level of detail
when compared to the optimal power flow formu-
lation of [12], the presented method allows fast
calculations and analyses of large energy systems.

5. CONCLUSION

This paper was intended to illustrate a simple,
yet useful modeling and optimization technique for
complex, multi-carrier energy systems. In that re-
gard, two systems were analyzed, each with a basic
enough structure that the results could quickly lead
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to some general conclusions. The workload could
be summarized as follows:

e The economic dispatch problem was used for
the comparison of an integrated and separate
optimization of the electricity and heat sector.

o The linearized optimal power flow was used
to analyze the constraints that the electrical
grid imposes on the converter and generation
units.

One can conclude that the energy hub could

casily be applied to the formulations of optimiza-
tion problems in complex, multi-carrier energy
systems, as it takes into consideration their mutual
interdependences and permits finding solutions
with the lowest total system costs.
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APPENDIX

A) System [

The system consists of four energy hubs con-

nected together with the power grid. The i-th ener-

gy hub has a CHP unit and a natural gas boiler (F)
and supplies an electrical and heat demand equal to
Lie=0.5 puand Ly =1 pu, respectively.
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Table 6 Table 7
Generator data Converter element efficiencies
Prin Prax a b c nCHPe nCHPh nHE nF
(pw)  (pw)  (mu)  (mupu-l) (mupu-2)
0.3 0.4 0.8 0.9
Pel 1.00 3.00 0.00 13.00 0.12
Pe2  0.50 2.00 0.00 13.00 0.13
¢ B) System 11
Pe3  2.00 5.00 0.00 14.00 0.10 )
The system consists of four energy hubs con-
Pg 000 600 0.00 4.00 0.04 nected together with the power grid. The i-th ener-
Ph 000 7.00  0.00 6.00 0.00 gy hub has a CHP unit and a natural gas boiler (F)
and supplies an electrical and heat demand equal to
Lie=0.5 puand Lx =1 pu, respectively.
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Fig. 3. System II
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Table 8 Table 10

Branch data Converter element efficiencies

i-j Xij (pu) nCHPe  ywCHPh  nF
1-2 0.90
2-3 0.90 0.3 0.4 0.75
2-3 0.90
2-4 0.90
Table 11
Table 9 Allowed range of natural gas injections
Generator cost function parameters in energy hubs
a (mu) b (mupu-1) ¢ (mupu-2) i Pigmin (pu) Pigmax (pu)
Gl 0,00 10.00 0.0010
1 0.00 1.20
G2 0.00 11.00 0.0011
N1 0.00 6.00 0.0600 2 0.00 0.67
N2 0.00 6.00 0.0600 3 0.00 0.67
N3 0.00 6.00 0.0600
N4 0.00 6.00 0.0600 4 000 0.90
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